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Abstract we study egalitarianism and the logical relations among the
principles of fairness on public financial distributions. It is known that the
separability principle, which is a strand of fairness axioms, tends to be
incompatible with the standard Pareto principle. We investigate the logical
relations between the separability principle and the standard Pareto principle
in the context of public finance. We adopt Internal Separability as the
separability principle, adopt Permutation Pareto Principle as a restricted form
of the standard Pareto principle, and study the incompatible relationship
between the two axioms. We also provide an impossibility result that a social
ordering cannot satisfy the two axioms along with a restricted form of continuity
and an additional restricted weak standard Pareto principle, unless every
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[ . Introduction

Achieving faimess in public financial subsidy or distribution to individuals
18 considered a common task for all social systems. The fairness of financial
distribution protects members of society in spots from the risk of fatal
financial losses that can come to anyone. However, members of society are
in different situations and, more importantly, have different attributes. Even
though society makes several decisions on behalf of members of society,
society’s egalitarian choices are generally not supported by all members due
to their diversity.

In the respect of the diversity of individual preferences, it can be assumed
that society has a preference, independent of individual preferences, even if
its choices are not always supported by all members. In the health sector,
for example, the pursuit of fairness in the distribution of social resources is
often taken for granted, while the direction and extent of fairness are bound
to involve the value judgment of the society. As a practical instance, given
the findings that medical expenses for severe smokers, overweight people,
and alcoholics are higher (Leigh and Fries, 1992; Viscusi and Hersch, 2008),
it can be controversial whether society should financially subsidize the health
consequences of dangerous behaviors. For another example, the problem of
fair allocation can be considered in the context that individuals have different
capabilities for transforming resources into basic human functionings
(Moreno-Ternero and Roemer, 2006; Chun et al., 2014). An important view
of fairness in this context is Rawls’ difference principle, which insists that
it is just to make the least advantaged in society materially better off. For
the abstraction of these various contexts, this paper, as well as many studies,
regards each individual's attributes or opinions as individual preferences,

assumes that society also has a preference, and discusses the egalitarian
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properties that are desirable for the social preferences to have.

This paper aims to contribute to the discussion on egalitarian social
preference, especially in the multi-commodity context of social ordering. In
general, egalitarianism does not necessarily mean distributing all goods
equally to all individuals. We regard egalitarianism as a political
philosophical position that puts the value of equality first and that, like other
related studies, different distributions among individuals are acceptable and
desirable only when it is based on differences in their preferences. Based on
this idea, 1t 1s argued that the difference in distribution should be based on
the utility of agents, not on other attributes or political interests of agents.

A vast amount of literature studied egalitarianism in the theory of public
finance, and it began in the single commodity context. Hardy et al. (1934)
showed that Pigou-Dalton (Pigou, 1912; Dalton, 1920) transfer dominance
and Lorenz dominance are equivalent. Atkinson (1970) studied the
implications and limitations of the Lorenz dominance. Sen (1973) introduced
the weak equity axiom as an egalitarian axiom which stipulates that income
should be distributed so that those with a low general capacity to achieve
welfare receive a higher income than those with high general capacity.
Hammond (1976) introduced the principle of equity (also called Hammond
equity axiom) in the context of social choice, and in the spirit of Sen’s weak
equity axiom. There are several variations of the Hammond equity axiom (see
Asheim et al., 2007; Banerjee, 2006), including Strong equity (see
d’Aspremont and Gervers, 1977; Dubey and Mitra, 2014).

On the other hand, most of the recent research on egalitarian social
ordering has focused on multi-dimensional environments since Kolm (1977)
first showed the dominance principle on multi-dimensional egalitarianism.
Koshevoy (1995), Koshevoy and Mosler (1996), and Koshevoy (1997)

deepened the work of Kolm by studying the generalization of Lorenz
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dominance in a multi-dimensional commodity space. Muller and Trannoy
(2012) applied the dissymmetric preference and endowment of individuals in
a multi-dimensional setting. However, Marshall et al. (1979) showed that the
results of one-dimensional studies are difficult to be extended to
multi-dimensional public finance models.

A difficulty of the multi-dimensional public finance model other than the
extension from the single-dimensional studies is the incompatible relationship
between transfer principles, one strand of the representative equity axioms,
and the standard Pareto principle. The standard Pareto principle says that for
any multi-commodity allocations == (z,2s,...,2,) and ¥ = Wy, Yar...:9,),
where z; denotes the bundle for agent 7 in the allocation z and y; denotes
the bundle for agent ¢ in the allocation v, if every agent prefers its bundle
in y to that in =, then the society should also prefer y to z. Moyes (1999)
introduced the transfer principles as the basis of dominance criteria. Fleurbaey
and Trannoy (2003) showed that, in a multi-commodity model where
diversity of individual preferences is allowed, even the weak standard Pareto
principle and the Dominance-Reducing Transfer principle are incompatible.
The Dominance-Reducing Transfer principle argues that for any allocation
r=(z,,1y,...,7,), any transfer that reduces a dominance between any two
bundles is justifiable. Specifically, if a transfer ¢ satisfies z;, <z;+t <
x;—t<ux; for any 4,5 {1,...,n}, then society should prefer (z,,....z;_,x;+
6Ty 0 Xy — tays.x,) to o, Fleurbaey (2005), Fleurbaey (2007),
and Fleurbaey and Maniquet (2008) introduced weaker axioms of the
Dominance-Reducing Transfer principle to be compatible with the standard
Pareto principle. On the other hand, Sprumont (2012) showed that a weaker
axiom than the standard Pareto principle, which is called Consensus, 1s
compatible with a stronger axiom than the Dominance-Reducing Transfer

principle, which 1s called Dominance Aversion. Jang (2017) extended the
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work of Sprumont by showing that even a stronger axiom than Dominance
Aversion 18 compatible with Permutation Pareto Principle, an alternative
weaker axiom than the standard Pareto principle, along with Consensus.
Specifically, Jang (2017) introduced and applied Internal Dominance,l a
separability principle, and the Permutation Pareto Principle to the social
ordering he axiomatized. Internal Dominance contains a partial idea of a
lexicographic preference as well as an imperfect separability property.
Permutation Pareto Principle says that if permuting bundles can result in
every agent preferring her new bundle to the old, then this new allocation
should be considered better.

A strand of the representative equity axiom other than the transfer principle
is the separability principle. However, while much of the previous research
has focused on logical relations between the Dominance-Reducing Transfer
principle along with the standard Pareto principle, relatively less i1s studied
about the incompatible relationship between the separability principle and the
standard Pareto principle. The separability principle requires that if some of
the agents’ preferences are subject to change, and if there is a subgroup of
agents with the same preferences and the total amount of public funds
granted to this subgroup is the same, the amount assigned to each agent in
the subgroup should be the same. Moulin (1987) first introduced the principle
in the context of surplus sharing, and Chun (1999) and Chun (2000)
contributed to the study of the separability principle in the context of
bankruptcy problem and quasi-linear social choice theory. Separability can

also be thought of as relative to the additivity? and consistency axioms,)

1) Internal Dominance states that if the society prefers allocation = over allocation y, and if
x; and y; are considered indifferent by the society, then there are bundles z;’,y,” such that

when these bundles replace z; and y; respectively, any permutation of (=, w,i) 1s strictly
preferred to (yi/;y,i) by the society.
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which are two of the leading axioms in the public finance theory. The
standard leximin social orderings are subgroup separable, and both Sprumont
(2012) and Jang (2017) provide an axiomatization of a family of leximin
social orderings.

This article is also related to the literature on the results of impossibility
in social choice theory. We focus on the incompatibility between the
separability principle and the standard Pareto principle. Since the seminal and
well-known impossibility theorem, e.g., Condorcet’s voting paradox and
Arrow’s impossibility theorem, there has been a vast literature that contributes
to the impossibility research. Since Arrow (1950) showed an epoch-making
impossibility result for the social welfare function, many papers applied
Arrow’s theorem beyond his original context. See Dietrich and List (2007),
Leitgeb and Segetberg (2007), Okasha (2011), and Stegenga (2013) for
examples. Diamond (1965) introduced the celebrated theorem to show that
there 1s no social welfare function that satisfies the standard Pareto principle,
intergenerational equity, and continuity. Svensson (1980), on the other hand,
established the general possibility result showing that there exist orderings
that satisfy the standard Pareto principle and the intergenerational equity.
Basu and Mitra (2003) enriched the work of Diamond (1965) and Svensson
(1980) by showing that there is no social welfare function that satisfies the
standard Pareto principle and the equity axioms.

We provide an impossibility result on a restricted standard Pareto and an
equity axiom in social ordering. To be specific, we provide an incompatibility

result between Internal Separability and Permutation Pareto Principle. Internal

2) Shapley (1953) used the additivity axiom to provide a classic axiomatization result and Moulin
(2013) provided an application discussion on additivity. Also see Moulin (1987) and Ju et
al. (2007).

3) Hart and Mas-Collel (1989) provided an axiomatization invoking consistency.
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Separability 1s a separability axiom arguing that when the society deems a
bundle « as valuable as a bundle «" and a bundle b as valuable as a bundle
b, a certain agent’s preference can be ignored. That is, for a social ordering
R, if (a,...a)I(d,...a’) and (b,...b)I(V',...,b"), where I denotes the
indifference relation of the social ordering R, then for all allocations z,z’
and any agent i, (a;z_,;)R(a";2'_;) if and only if (b;z_,)R(®';2'_,). We also
introduce an axiom, Indifference Unanimity, that helps further the main
discussion. Indifference Unanimity 1S a demanding property requiring that the
society can evaluate two bundles to be indifferent only when all the
individuals agree that the two bundles are indifferent. That is, for a social
ordering R and any two bundles @ and b, (a,...,a)I(b,...,b) only when a
and b are indifferent toall agents. We eventually show an impossibility result
that, given that individual preferences are diverse, there does not exist a
social ordering that satisfies Consensus, Internal Separability, Permutation
Pareto Principle, and a restricted continuity property.

We also introduce an axiom, Weak Internal Separability, which is a weaker
axiom thanInternal Separability and is compatible with Permutation Pareto
Principle. Weak Internal Separability argues that, unlike Internal Separability,
even with (a,...,a)I(d’,....a’) and (b,....6)I(,...,b"), it is allowed to ignore
an individual i's preference only when the i’s ranking between a and b and
between o’ and b are identical. The introduction of this axiom is meaningful
in that it indirectly shows that the concepts of Internal Separability and
Permutation Pareto Principle are not antagonistic, even though they are
logically incompatible with each other. Jang (2017) also introduced an axiom,
Weak Internal Dominance, that is implied by Internal Separability and is
compatible with Permutation Pareto Principle. However, Weak Internal
Dominance ignores individual preferences, as same as Internal Separability,

and it 1s too weak an axiom. We prove that, in an environment where
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individuals’ preferences are diverse, Weak Internal Separability is a stronger
axiom than Weak Internal Dominance, to show the significance of Weak
Internal Separability.

This paper is organized as follows. Section 2 introduces the model and
conditions. Section 3 spreads the axioms and the main results. Section 4

concludes. We provide proofs of propositions in Appendix A.

I . Preliminaries

There is a fixed finite number of commodities m > 2 in an economy and
a fixed finite set of agents N={1,..,n} such that n > 2. Let X=R" be
the commodity space, or the set of bundles, and let X" be the set of
conceivable allocations. Each agent i€ /N has a continuous, rational, and
strictly monotonic (preference) ordering £, over X, while each social
ordering R is rational and is over X*. P, denotes the strict preference
relation associated with £;,, and P denotes the strict preference relation
associated with R. For any allocation z€ X* and any permutation 7 : N— N,
let (x) denote (2, (1)s....%5(n)). Also, for any 2,y X" and any permutation
7, we say that y is permuted from = with = when y=w(z). For any
k-dimensional vectors @ and b, a=>b if and only if @ >0, for all
i€{1,.,k}, a>0b if and only if @, = b, for all i€{1,. ..k} and the

inequality is strict for at least one case. For any == (z,,....z,)€ X" and
any preference relation R, let =% = («%,. ., X%) denote a rearrangement of
the bundles in = from the worst to the best according to £, that is,
el Rz} | R.. Rxy with a tie-breaking rule: if z,/z; for any 4,j& N such that

i<j, x; 1s arranged before z; in 2%, For any =,y X", y > o dENOtes
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that y Pareto improves «, namely, y;Rz; for all i€ N, and y > ,,, = denotes
that y strictly Pareto improves z, namely, y;Rz; for all i€ N with y,;P;z;
for at least one jEN.

Even though social ordering is a preference relation over allocations, there
1s an indirect way for a social ordering to express a preference over bundles.
For any two bundles a,bE X, we can interpret that a social ordering R
prefers b to a if R prefers a fully egalitarian allocation where all the bundles
are b to a fully egalitarian allocation where all the bundles are a, namely,
(b,....,b)R (a,...,a).

I. Main Results

This section studies the logical relations between the separability principle
and the Pareto principle, provides an impossibility result, and introduces an

axiom that mitigates the incompatible relation between two axioms.
1. Internal Separability and Permutation Pareto Principle

The axioms we study in this section are closely related to the family of
lexicographic social orderings,¥ which has a well-known problem of
discontinuity. We apply a limited form of continuity axiom, Weak Continuity,
throughout the discussion. Weak Continuity requires the social ordering to
be continuous while it compares bundles. In other words, Weak Continuity
argues that the social ordering should be continuous for fully egalitarian

allocations.

4) Both Sprumont (2012) and Jang (2017) characterized a family of leximin social orderings.
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Weak Continuity. For any a,b€ X, and any sequence 1b°} in X converging
to b, (", ,b")R(a,..,a) for all k implies (b,...b)R(a,...,a).

It is reasonable to invoke Weak Continuity in the environment where
agents’ preferences are continuous. In other words, because all the agents in
the society compare bundles in a continuous manner, so should the society.
For that reason, in fact, in Sprumont (2012) and Jang (2017), Weak
Continuity is laid as a basic axiom for axiomatization.

To relieve the incompatibility result between the standard Pareto principle
and the Dominance-Reducing Transfer principle, Sprumont (2012) introduced
Consensus, a weaker replacement of the standard Pareto principle, and
Internal Separability, a separability principle. Consensus says that an
allocation y 1s preferred to an allocation « if all the individuals prefer every

bundle v; in the former allocation to every bundle z; in the latter.

Consensus. For any .y X", if y,Pz; for all 4,j€N, then yPz.

Internal Separability (Sprumont, 2012) says that when the society considers
a bundle @ as valuable as a bundle o', and a bundle b as valuable as a bundle

b, any single agent i’s preference can be ignored.

Internal Separability. Let ‘€N, z,2’€X”", and «,d'EX such that
(zsr.ow) Iz, ...,x;) and (a...,a)I(d’,..,a’). Then, xRz’ if and only if
(a;z_ )R (a5 ;).

Internal Separability i1s a separability principle in that the comparison of
two allocations = and z” is equivalent to the comparison of z_; and z'_,,

while i’s bundle can be well-substituted by a and .
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Sprumont (2012) introduced an axiom, Dominance Aversion, which 1s
stronger than the Dominance-Reducing Transfer principle, and showed that
there exists a social ordering that satisfies Consensus, Internal Separability,
and Dominance Aversion. Dominance Aversion says that any change that
reduces any bundle dominance is always desirable.> Notably, Consensus is
a weak enough Paretian axiom to be compatible with the Dominance-
Reducing Transfer principle and with the separability principle, unlike the
standard Pareto principle.

Jang (2017) enriched the work on the incompatibility issue between the
standard Pareto principle and the separability principle. He showed an
axiomatization result of a social ordering that satisfies a stronger axiom than
Dominance Aversion, named Strong Dominance Aversion, and also satisfies
not only Consensus but also another Paretian axiom named Permutation
Pareto Principle. Strong Dominance Aversion argues that reducing bundle
dominance and maintaining the egalitarian order is desirable. That is, for any
2,y X" and any i,jEN, if =, >y, ...y, R(y;....y;), and y; > z; and
y, =, for all keN\{i,j}, then yRz.0)

Permutation Pareto Principle 18 a weaker replacement of the standard Pareto
principle, which says that if an allocation can be Pareto improved by being

permuted, then the permuted allocation should be preferred to the original

5) Dominance Aversion argues that for any z,yEX” and any 4,jEN, if x>y =y >
and y, =z, for all k€ N\{4,5}, then yRx. It trivially implies the Dominance-Reducing
Transfer principle.

6) Strong Dominance Aversion implies Dominance Aversion if social orderings are assumed to
be monotonic. Even without the monotonicity of social orderings, Strong Dominance Aversion
implies Dominance Aversion if Weak Continuity and Consensus are satisfied. In other words,
any social ordering that satisfies Strong Dominance Aversion, Weak Continuity, and
Consensus also satisfies Dominance Aversion. To be specific, Strong Dominance Aversion
implies Dominance Aversion if b = a implies (b,...,b)R (a,...,a) for any bundles a,bEX.
Note that, by Consensus and the fact that every agent’s preference is strictly monotonic, b > a
implies (b,...,b) P(a,...,a), Finally, by Weak Continuity, b = a implies (b,...,b) R (a,...,a).



48 WA A 15 A A3 & (5A A114%)

allocation.

Permutation Pareto Principle. For any < X* and any permutation = on N,

m(z) =, implies w(z)Rz and =(z)> ,,z implies =(z)Px.

Even though the Permutation Pareto Principle 1s weaker enough than the
standard Pareto principle so that it 1S compatible with Strong Dominance
Aversion, Permutation Pareto Principle still has an incompatibility problem
with Internal Separability, unlike Consensus.

We introducea new axiom, Indifference Unanimity, to deepen and further
the discussion on the incompatibility result. Indifference Unanimity requires
that society can evaluate two bundles to be indifferent only when all the
individuals agree that the two bundles are indifferent. In other words, if at
least one of the individuals judges that some two bundles are not indifferent,
then the social planner cannot deem one bundle as equally valuable as the

other.

Indifference Unanimity. For any a,b€ X, (b,...,b)I(a,...,a) implies bla for
all i€ N.

Indifference Unanimity is a demanding property; it requires a strict
standard for allocations to be evaluated as indifferent by a social ordering.
It may be argued that it is not unreasonable for a society to be indifferent
between allocations (a....,a) and (b,...,b) when one agent prefers a to b,
while another agent prefers b to a.

It turns out that the combination of Consensus, Internal Separability, and
Permutation Pareto Principle implies Indifference Unanimity. To provide an

intuition, consider a society in which there are two agents and where the
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bundle space is two-dimensional, and let any social ordering R that satisfies
Consensus, Internal Separability, and Permutation Pareto Principle. Note that
Indifference Unanimity says that, for any bundles a and b, if “bZa for all
i€N" does not hold, then (b,b)I(a,a) also does not hold. To argue that R
satisfies Indifference Unanimity, without loss of generality, suppose that a?;b
and bRya. Then R satisfies Indifference Unanimity if and only if (b,0)I(a,a)
does not hold. Suppose conversely that (b,b)I(a,a) holds. Then, because R
satisfies Internal Separability, we can apply (b,6)I(a,a) to (a,a)I(a,a) to get
(a,b)I(a,a) and (b,a)I(a,a), which in turn implies (a,b)Z(b,a). However,
aP/b and bR,a, along with Permutation Pareto Principle, implies
(a,b)P (b,a), which leads to a contradiction. The following proposition
formally states this result: Internal Separability and Permutation Pareto
Principle, along with Consensus, imply Indifference Unanimity. This logical
relation implies that applying Internal Separability and Permutation Pareto

Principle to a social ordering puts a severe restriction on it.

Proposition 1. Consensus, Internal Separability, and Permutation Pareto
Principle 1mmply Indifference Unanimity.
Proof. See Appendix A.

The restriction that Internal Separability and Permutation Pareto Principle
place on the social ordering’s indifference evaluation prevents social order
from satisfying Weak Continuity. To be specific, consider three bundles
a,b,c€ X such that (b,...,b)P(a,...,a) and (a+c,...,a+c)P(b,...,b). Note that
c¢>0 1s necessary. Weak Continuity requires that there should be some
t<(0,1) such that (b+t-c,....,b+t-c)I(a,...,a). At the same time, however,
it is unlikely that (b+t-c)Za for all i€ N hold, given that a,b,c are arbitrary

enough. That is, it is likely for Indifference Unanimity to insist that
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(b+t-c,...b+t-c)I(a,..,a) cannot hold. However, this conflict does not
occur if every agent’s preference is identical. Specifically, if we assume that
every agent’s preference is identical, it is reasonable to argue that
(b,....b)P(a,...,a) and (a+ec,..,a+c)P(b,..,b) if and only if bP,a and
(a+c)P;b for all ieN. Moreover, because individual preferences are
continuous, there exists t< (0,1) such that (b+t-¢)Za for all i€ N, which
can indicate (b+t-c,....b+t-c)I(a,...,a) when every agent has the same
preference.

The following proposition formally states this result: unless we put a strict
assumption that every agent has the same preference, Internal Separability
and Permutation Pareto Principle cannot satisfy together, along with

Consensus and Weak Continuity.

Proposition 2. T7here is no social ordering satistying Consensus, Weak
Continuity, Internal Separability, and Permutation Pareto Principle unless
R;=R; for all i,jEN.
Proof. See Appendix A.

Proposition 1 and 2eventually state that it 1S impossible to combine
Consensus, Weak Continuity, Internal Separability, and Permutation Pareto

Principle, whenever the agents’ preferences are diverse.

2. Weak Internal Separability

Permutation Pareto Principle fails to be compatible with Internal
Separability, even though it requires less enough than the standard Pareto
principle. It is, thus, reasonable to interpret that Internal Separability is a

strong separability principle that 1s difficult to be together with Paretian
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axioms. For that reason, we introduce Weak Internal Separability, which 1is
weaker than Internal Separability and is compatible with Permutation Pareto
Principle.

Jang (2017)already proposed an axiom, Weak Internal Dominance, that is
implied by Internal Separability and showed that it is compatible with
Permutation Pareto Principle. Weak Internal Dominance says that when the
society considers a bundle a as valuable as a bundle o', then for any bundle
b and any agent i, there exists a bundle b that maintains the social ranking
of allocations = and ', in other words, enables to ignore the preference of

agent 1.

Weak Internal Dominance. For any «'€X and z,2’€ X" such that
(zj...,x)I(z/,...,x/) for some iEN, there exists aEX such that =Rz’

implies (a;z_ ;)R (a2’ ;).

It is trivial that Internal Separability implies Weak Internal Dominance.”
Weak Internal Dominance requires less than Internal Separability in two
different channels: 7) it does not require that the ranking of =z and =" and
the ranking of (a;z_;) and (a’;2’_;)to be identical, and 7) (a,...,a)I(d’,...,a")
is not required to allow disregard of agent i’s preference.

We criticize Weak Internal Dominance to explain the significance of
introducing Weak Internal Separability. First, Weak Internal Dominance lacks
consideration for individual preferences. Notice that Internal Separability has

room for criticism that ignores a certain agent i 's preference using the social

7) Consider any social ordering R that satisfies Internal Separability. Also consider any a’ € X,
and .2 €X" such that (a;,...2)0(x;,..x/) for some iEN. It is trivial that
(ay...,a)I(d,..,a’") with a=a’, thus, Internal Separability argues that xRz implies
(@z;)R(d3" ;).
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ordering’s indifference relation as a tool, even though agent ¢ may have a
strict preference between z; and z,’, or between a and a'. This characteristic
is strongly related to the incompatible relation with the Permutation Pareto
Principle. Weak Internal Dominance cannot avoid the same criticism even
though it 1S compatible with Permutation Pareto Principle. It can be
interpreted that the reason why Weak Internal Dominance i1s compatible with
Permutation Pareto Principle despite its characteristic of ignoring preference
is that Weak Internal Dominance is too weak an axiom. It is an axiom that
is insufficient to be used to play an important role.

To prevent such unreasonable disregard of individual preferences and to
make up for the weakness of Weak Internal Dominance, we argue that even
if (2.2 ..,z/) and (a,..,a)I(d’,..,a’) are satisfied, agent s
preference is allowed to be ignored only when s preference relations
between z; and z; and between « and o are identical. Weak Internal

Separability captures this idea.

Weak Internal Separability. Let i€ N, z,2'€ X", and a,a’€X such that
(..oz) Iz, x)) and (a,...,a)I(d,...,a"). If either [=;P;x; and aP;a’],
[z;Lz, and ald'], or [z/Pz; and o Pa], then zRz" if and only if
(a;2_ ;)R (a"s2"_)).

Notice that, unlike Internal Separability and Weak Internal Dominance,
Weak Internal Separability requests a certain level of consideration of
individual preference. Requiring a match in agent i's preference relations
between the two pairs of bundles, {z;z;} and {a,a’}, can be interpreted as
seeking minimum consent from agent <. In this regard, because Weak Internal
Separability has an additional requirement than Internal Separability to

disregard agent i's preference, Internal Separability trivially implies Weak
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Internal Separability. Weak Internal Separability, however, does not directly
imply Weak Internal Dominance. Nevertheless, we argue that Weak Internal
Separability is a more demanding axiom than Weak Internal Dominance by
showing that Weak Internal Separability implies Weak Internal Dominance
in a restricted environment. To specify the restriction on the environment,

we state the following assumption.

Assumption 1. For each i, if aP,a’ and (a.....a)I(d',..,a’) for some
a,a’ € X, then for any b € X, there exists b€ X such that either bP;b" or
b'P;b, and (b,....b)I(0,....b").

Although assumption 1 is strong, its implication is reasonable. aP;a’ and
(a,...,a)I(a',...,a’) mean that there is a pair of bundles {a,a’} that the society
values equally while agent i has a clear difference in preference. Assumption
lrequires that the preference gap between the society and agent ¢ 1s not
limited to a specific pair {a,a’}. From a broader perspective, assumption 1
argues that various preferences of individuals should be recognized instead

of being subordinate to social preferences.

Proposition 3. Under assumption 1, Weak Internal Separability implies Weak
Internal Dominance, while Weak Internal Dominance does not imply Weak
Internal Separability.

Proof. See Appendix A.

Proposition 3 argues that Weak Internal Separability 1s not weak as Weak
Internal Dominance. It states that Weak Internal Separability implies Weak
Internal Dominance under assumption lor the variety of individual

preferences. Also notice that Weak Internal Dominance fails to imply Weak
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Internal Separability even under assumption 1, which indicates that Weak
Internal Dominance 1s a fairly weak axiom.

Finally, we show that Weak Internal Separability is compatible with
Permutation Pareto Principle by providing an example of a social ordering
that satisfies both axioms. For any continuous preference ordering R that
bP;a for all i€ N implies bPa for any a,bE X,® we define a social ordering
R, (R) that satisfies the following: for any z,y€ X", yR,,,(R)z if either

there exists jE N such that y”

Iz for all i<j and yiPz¥, or y/'Iz" for
al ieN and y =, .

Let any continuous preference ordering & that bP;a for all i€ N implies
bPa for any a,bE X. Note that bR;a for all i€ NV also implies bRa for any
a,b€ X because R is continuous and from the fact that each R, for any iEN
is strictly monotonic. Jang (2017) showed that R, (®) satisfies Permutation
Pareto Principle. We prove that R, (R) satisfies Consensus, Weak

Continuity, and Weak Internal Separability in the following proposition.
Proposition 4. R,,,(R) satisties Consensus, Weak Continuity, and Weak

Internal Separability.
Proof. See Appendix A.

IV. Concluding Remarks

This paper 1s in line with the study of analyzing the situation in which

social equity 1s satisfied through the axioms. The ideas that axioms contain

8) We can interpret that R ‘agrees with’ every individual in that if all the agents strictly prefer
b to a, so does R.
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are ultimately linked to the question of the role of the government and
society. Thus, showing the difficulty for important axioms, such as
separability and standard Pareto principles, to be compatible with each other
is meaningful in public finance, especially in terms of establishing a policy
philosophy by the government or society. In this paper, we show that Internal
Separability and Permutation Pareto Principle, a separability principle and a
restricted form of the standard Pareto principle respectively, are incompatible.
For further discussion, we introduce a demanding property, Indifference
Unanimity, that restricts the indifference relation of social orderings. Then we
provide an 1mpossibility result that, there is no social ordering under the
heterogeneity assumption of agents’ preferences that satisfies both
Permutation Pareto Principle and Internal Separability, along with another
restricted form of the standard Pareto principle and continuity, namely,
Consensus and Weak Continuity.

We also relieve the incompatibility results by weakening Internal
Separability. We introduce Weak Internal Separability and show that 1t 1s
implied by Internal Separability as well as it 1s compatible with Permutation
Pareto Principle. We also provide the significance of Weak Internal
Separability, noting that Jang (2017) already introduced Weak Internal
Dominance which 1s weaker than Internal Separability and 1S compatible with
Permutation Pareto Principle. To be specific, unlike Weak Internal
Dominance, Weak Internal Separability shows basic respect for individual
preferences and 18 not too weak an axiom. We finally provide an example
of a social ordering that satisfies Weak Internal Separability and Permutation
Pareto Principle.

An open question regarding Weak Internal Separability 1s to study the class
of all social orderings satisfying Weak Internal Separability along with

restricted forms of the standard weak Pareto principle and continuity.
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Studying the logical relations among Weak Internal Separability and other

axioms can also be another future research topic.
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Appendix A: Proofs
Proof of Proposition 1.

Let any social ordering R that satisfies Consensus, Internal Separability,
and Permutation Pareto Principle. Let any a,b€ X such that (a,...,a)I(b,...,b).
We need to show that aZb for all i€ N. Suppose conversely that aP;b for
some jEN. By Consensus, aP;b for all i€ N implies (a,...,a)P(b,...,b).
Because (as...,a)I(b,...,b), there exists k€ N\ A{j} such that bR a.

Define z/ = (a,...,a,b,a,...,a)€ X" so that ! =a for all i€ N \{j} and
al=b, and 2" = (a,...,a,b,a,...,a) EX" s0 that z} =a for all i€ N\ {k}
and zj =b. Because (a,...,a)I(a,....a) and (a....,a)I(b,..,b), by applying
Internal Separability n—1 times, we get (a,...,a)lz’ and (a,...,a)Iz". From
(as...,a)Iz" and (a,..,a)Iz", we have #'Iz" by the rationality of social
ordering. Also note that, from aP;b and aRja, Permutation Pareto Principle

implies «*Pz’, which is a contradiction.

Proof of Proposition 2.

Suppose that there is a difference among the agents preferences and
suppose conversely that there exists a social ordering R that satisfies
Consensus, Weak Continuity, Internal Separability, and Permutation Pareto
Principle. Then, by proposition 1, R also satisfies Indifference Unanimity.
Without loss of generality, assume that &, and &, are not identical: there
exist a,b€ X such that aP,b and bRya. Also assume that all the other agents’
preferences are identical to agent 1’s preference, namely, R, =R, for all

i€ NN\ A2}. Note that, by the strict monotonicity of R, and R&,, a> 09
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because aP;b, and b> 0 because bR,a. Let a continuous and monotonic
binary relation R that satisfies bRa, and satisfies that for any two bundles
a,b'EX, b'Pa for all i€EN implies b Pa’. Because each R; for i€ N is
continuous and & is also continuous, ' R;a’ for all i€ NV also implies b’ Ra’.
Let any ¢, X such that ¢, >0, a—e, € X, and bP,(a—¢,), and any e, X
such that e, >0, a+e,E X, and (a+e,)P,b.10) Because €, >0 and e, > 0,
bPy(a—¢,) and (a+e€,)Pb. Because R, = R, for all i€ NN\A{2}, bP,(a—¢,)
and (a+e,)Pp for all i€ N. Then, by Consensus, (b,....0)P(a—e€;,....a—€;)
and (a+ey...,a+ey)P(b,....b).

Note that R is strictly monotonic because all the agents preferences are
strictly monotonic, and by Consensus. By the strict monotonicity of R and
Weak Continuity, there exists e€X such that either 0<e<e, and
(a+e..,ate)Ib,.,b), or 0<e<e, and (a—e,...,a—e)I(,..,b). We
finish the proof by showing that neither of the cases can hold. First, suppose
that there exists 0 < e < e, and (a+e,...,a+e)I(b,...,b). Then (a+e)Lb for
all i€ N holds by Indifference Unanimity. However, by aP;b and the
monotonicity of &, (a+€)P,b holds, which is a contradiction. Now suppose
that there exists 0<e<e and (a—e,..,a—e)I(b,...,b). Then, by
Indifference Unanimity, (a—e)Zb for all i€ N. However, by bR,a and by

the monotonicity of &,, bP,(a—e€) holds, a contradiction.

Proof of Proposition 3.

We first provide a social ordering that satisfies Weak Internal Dominance

9) To be accurate, a > (0,...,0).

10) The existence of such €, and €, is easily guaranteed from the monotonicity of 7, and £.
For example, bP, (a—e,) holds when ¢, =a because b>0, and (a+e,)Pb holds when
€, =b because a+b>b.
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but fails to satisfy Weak Internal Separability. Suppose that aP;a’ and
(a,...,a)I(d',...,a’) for some a,a’ € X, and for any b,b'E X, bR, if and only
if bRb. Let X; € X be a strict subset of X, where both X; and X\ X,
are unbounded. Define a social ordering R’ that for all z,2'€ X", j) if either
r,€X, or v,/ €X; then zR'2’if and only if z,Rz,", 77) otherwise zR'z’
if and only if z,Ryx, .

To show that R’ satisfies Weak Internal Dominance, let any o' X and
z,2'€ X" such that zR'z’. First consider that either z;€X, or z,/€X;.
Then z,R,z," holds by the definition of R". If (zy,...,z)I"(z,,...,z,"), then
by letting «=X, such that aRa’ 1D we get (az_,)R'(a52'_,). If
(@) (@), x/) for some i€ NN{1}, then, because of =Rz,
(a;z_)I'(a’32’_,) holds for any a=X. Now consider that z, & X; and
r,/ 2 X;. Then 2z,Rx,” holds by the definition of R'. If
(@ys.vx )T (s 2,), then (a;z_)R'(a’;2'_ ;) holds for any aE€ X, such
that aRa’. If (zo,...,2,)I (2, ...;z,") then (a;z_,)R'(a’;2’_,) holds for any
a X such that aRya'. Finally, if (x,...z)I'(z/,....z;) for some
i€ NN\A1,2}, then, because of zyRoz,’, (asz_;)R'(a’;2’_;) holds for any
a€ X. That is, whenever (@ ...,z;)I'(x/,...,x;") for any i€ N, we can find
a= X such that (a;z_;)R'(a";z'_;), which indicates that R’ satisfies Weak
Internal Dominance.

To show that R’ violates Weak Internal Separability, consider any
rz’eX” and adEX  such that  (zy,...z ) (z/...,x/) and
(a,...a)I'(d,....a’). Also assume that z,,z,'€ X\ {X;}, a.d’€X;, and
z,Pyx,. From 2, € X\ {X;} and z,P,x,’, xP'z" is satisfied. Also from
(a,...,a)I'(d',....a’) and a,a’EX,, alia’ is satisfied. However, a,a’€ X, and

alia’ implies (a;z_;)I'(a’;2'_;), which violates Weak Internal Separability.

11) There exists such a& X, because X; is unbounded and £, is monotonic.
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We finish the proof by showing that Weak Internal Separability implies
Weak Internal Dominance under assumption 1. Consider any social ordering
R that satisfies Weak Internal Separability. Also consider any i€ N, o' € X,
and =,2'€ X" such that (z...,,)I (z/,...z;') and zRz". By Weak Internal
Separability, we are done if we show that there exists e=X such that
(as...,a)I(d’,...,a’), and aRa’ if and only if z;Rz,. First assume that z, 7z, .
Then, by letting a=a’, we get (a,...,a)I(d’,...,a") and ala’. Finally, and
without loss of generality, assume that z, Pz, . Then, by assumption 1, there

exists a= X such that aPd’ and (a,...,a)I(d,...,a").
Proof of Proposition 4.

Let any continuous preference ordering R that bP,a for all i€ N implies
bPa for any a,bE X. To show that R, (R) satisfies Consensus, suppose that
y.P;x; for all 4,5€N. Then yf'P;xy for all j&N, thus, yfPzy , which in
turn implies yR,,, (R)z. Ry, (R) satisfies Weak Continuity from the fact that
R 1s continuous.

For the rest of the proof, we show that R, (R) satisfies Weak Internal
Separability. Let any k€N, z2'€X”, and adEX such that
@ps s )1 (R) () vmy)), (as.sa)D,, (R)(d.0a"), and either [z,P)
and aP,d'], [z, L2, and ala’], or [z, Pz, and o Pyal. By the definition
of Ry, (R), (zp....,x )L, (R)(z),....x))) and (a....,a)T,,(R)(d',...,a") imply
x Ix, and ala’. Let y= (a;2_ ;) and 3 = (a’;2"_ ;). We need to show that
xR, (R)z" if and only if yR,,(R)y. It is sufficient to show that
zP,,,(R)z" implies yP,,,(R)y', and =I,,,(R)z" implies yI,,,(R)y'.

First, suppose that zP,,,(R)z". Then either there exists jEN such that

ol Tz for all i <j and 27Pxz/* or =f1z/" for all i€N and z >, 2.
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If 272" for all i <j and 2f'Pz;" for some jE N, then, because we have
z Jz, and ald', yiPy, " for all i < h and yZPy,® for some hE N, thus,
yP,,(R)y'. Now suppose that z/7z/" for all i€N and = > ,,.2". Then,
because we have z./z, and ald’, y''Iy/" for all i€ N. Moreover, either
[z, P,z and aP.d’], [z,f,z, and ala’], or [z, Pyz;, and o P.al, along
with = >, 2", implies y > ,,.¢". Therefore yP,, (R)y .

®and wfx/

Finally, suppose that «1,,(R®)z’, which indicates that =7z,
for all i€ N. Notice that =Lz, for all i€ N implies x,Z.z, . Then either
[, Pyx, and aP.ad'], [z, f,z), and al,a’], or [z, Pz, and o Pyal indicates
that z,Z.x, and al,a’ must hold. Also, z/7z;" and zLxz; for all iEN
along with z,4.2, and ald imply yZry/" and v, Ly, for all iEN.

Therefore y1,,,(R)y’.
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